We present a new analysis of the ratio ε ′ /ε which measures the direct CP violation in K → ππ decays. We use the 1/N c expansion within the framework of the effective chiral lagrangian for pseudoscalar mesons. The 1/N c corrections to the hadronic matrix elements of all operators are calculated at leading order in the chiral expansion. Numerically, doing a simple scanning of the input parameters we find 1.5 · 10 −4 ≤ ε ′ /ε ≤ 31.6 · 10 −4 . We also investigate, in the chiral limit, the 1/N c corrections to the operator Q 6 at next-to-leading order in the chiral expansion. We find large positive corrections which can further enhance ε ′ /ε and bring the standard model prediction close to the measured value for central values of the parameters. Our result indicates that a ∆I = 1/2 enhancement may be operative for Q 6 similar to the one of Q 1 and Q 2 which dominate the CP conserving amplitude.
Introduction
There are two types of CP violation which appear in the neutral kaon system: direct and indirect. Direct CP violation occurs in the amplitudes and will be the subject of this paper. Indirect violation occurs in the physical states and is characterized in a phase convention independent way by the parameter ε. Indirect CP violation has been observed and is incorporated in the standard model, as a restriction to the CKM phase. Direct CP violation is described by the parameter ε ′ whose predictions require greater attention and has been the subject of several investigations. The superweak theory [1] predicts ε ′ /ε to be exactly zero. In the standard model the predictions for the ratio cover a wide range of values. Until recently, the experimental evidence for ε ′ /ε was inconclusive. While the value Re (ε ′ /ε) = (23±7)·10 −4 reported by the NA31 collaboration at CERN [2] indicated direct CP violation, the result of the E731 collaboration at Fermilab [3] , (7.4±5.9)·10 −4 , was still compatible with a vanishing value. The new measurement of the KTeV collaboration [4] ,
is in agreement with the CERN experiment NA31 and rules out the superweak models. Additional information will be provided in the near future by the NA48 collaboration and by the KLOE experiment at DAΦNE. In view of the new experimental result, whose statistical uncertainty will be further reduced in the future, it is particularly interesting to investigate whether the quoted range and the weighted average can be accommodated in the standard model. Direct CP violation measures the relative phases of the decay amplitudes for K 0 → π 0 π 0 and K 0 → π + π − .
The two pions in these decays can be in two isospin states, I = 0 (∆I = 1/2) and I = 2 (∆I = 3/2). The two amplitudes acquire phases through final state strong interactions and also through the couplings of weak interactions. We can use Watson's theorem [5] to write them as
ππ, I|H W |K 0 = A * I e iδ I ,
with δ I being a phase of strong origin which is extracted from π − π scattering. The remaining amplitude A I contains a phase of weak origin. Throughout the paper we use the following isospin decomposition:
The parameter of direct CP violation can be written as
with ω = ReA 2 /ReA 0 = 1/22.2. In Eq. (7) we used the fact that, to a large degree of accuracy, the strong interaction phases of ε ′ and ε cancel in the ratio (see e.g. Ref. [6] ). In order to obtain the numerical value of ε ′ /ε it is now necessary to calculate the two amplitudes (ImA 0 and ImA 2 ) including their weak phases.
Using the operator product expansion, the K → ππ amplitudes are obtained from the effective low-energy hamiltonian for |∆S| = 1 transitions [7, 8, 9] ,
The arbitrary renormalization scale µ separates short-and long-distance contributions to the decay amplitudes. The Wilson coefficient functions c i (µ) contain all the information on heavy-mass scales. The terms with the z i 's contribute to the real parts of the amplitudes A 0 and A 2 . The y i 's, on the other hand, contribute to the imaginary parts and are relevant for CP violating processes. The coefficient functions can be calculated for a scale µ 1 GeV using perturbative renormalization group techniques. They were computed in an extensive next-to-leading logarithm analysis by two groups [10, 11] . The Wilson coefficients depend on the CKM elements; the y i 's are multiplied by λ t which introduces CP violation in the amplitudes. Finally, the calculation of the decays depends on the hadronic matrix elements of the local four-quark operators
which constitute the non-perturbative part of the calculation. This is the main subject of this paper. The hadronic matrix elements will be calculated using the 1/N c expansion within the framework of the effective chiral lagrangian for pseudoscalar mesons [12, 13, 14] .
In a previous article [14] we already reported the results of O(p 0 /N c ) for the operators Q 6 and Q 8 . In this article we investigate one-loop corrections for all matrix elements relevant for ε ′ /ε.
The local four-quark operators Q i (µ) can be written, after Fierz reordering, in terms of color singlet quark bilinears:
where the sum goes over the light flavors (q = u, d, s) and q R,L = 1 2 (1 ± γ 5 )q , e q = (2/3, −1/3, −1/3) .
Q 3 -Q 6 arise from QCD penguin diagrams involving a virtual W and a c or t quark, with gluons connecting the virtual heavy quark to light quarks. They transform as (8 L , 1 R ) under SU(3) L × SU(3) R and contribute, in the isospin limit, only to ∆I = 1/2 transitions. Q 7 and Q 8 are electroweak penguin operators [15, 16] . The imaginary parts of the amplitudes occurring in Eq. (7) are those produced by the weak interaction. Thus we obtain the amplitudes
Since the phase originating from the strong interactions is already extracted in Eq. (2) , absolute values for the i y i Q i I should be taken. We shall return to this point later on. Collecting all terms together we arrive at the general expression
where Ω η+η ′ ∼ 0.25 ± 0.10 takes into account the effect of the isospin breaking in the quark masses (m u = m d ) [16, 17, 18] . We have written Eq. (17) as a product of factors in order to emphasize the importance and uncertainty associated with each of them. The first factor contains known parameters and takes the numerical value G F ω/(2 |ε| ReA 0 ) = 346 GeV −3 . The remaining terms are discussed in the following sections. Especially important to this analysis are the operators Q 6 and Q 8 which dominate the I = 0 and I = 2 contributions in Eqs. (18) and (19) , respectively. The terms y i Q i 2 are enhanced by the factor 1/ω, and a crucial issue is whether the enhancement is strong enough to produce an almost complete cancellation with the y i Q i 0 terms, leading to an approximately vanishing ε ′ /ε even in the presence of direct CP violation, or whether the cancellation of the two terms is only moderate and a large value of ε ′ /ε can be obtained within the standard model. The paper is organized as follows. In Section 2 we briefly recall the numerical values of the CKM elements relevant to this analysis. In Section 3 we review the general framework of the effective low-energy calculation and discuss the matching of short-and long-distance contributions to the decay amplitudes. The next two sections contain our results, which we present in two steps. As the chiral theory is an expansion in momenta, we keep the first two terms in the expansion and calculate one-loop corrections to each term of the expansion separately. Loop corrections to the lowest terms, in the momentum expansion, are presented in Section 4; they are of O(p 0 /N c ) for the density operators and of O(p 2 /N c ) for the current operators. In Section 5 we extend the one-loop corrections to the next order in momentum by calculating corrections to the density operator Q 6 of O(p 2 /N c ). Numerical results for ε ′ /ε are included in both of these sections. Finally, our conclusions are contained in Section 6.
The CKM Elements
The second factor in Eq. (17) originates from the CKM matrix. In the Wolfenstein parametrization [19] 
since λ = V us and A = |V cb |/λ 2 . Numerical values for the matrix elements are taken from the particle data group [20] and from Ref. [21] :
|V cb | = 0.040 ± 0.002 , and
|V ub | = (3.56 ± 0.56) · 10 −3 .
The last parameter we need is the phase η which is obtained from an analysis of the unitarity triangle whose scale is given by the value of |V cb |. Such η versus ρ plots are now standard [22, 23, 24, 25, 26] and are obtained, primarily, from |V ub /V cb | which produces a circular ring and from a hyperbola defined from the theoretical formula for ε. The position of the hyperbola depends on m t , |V cb |, andB K . The intersection of the two regions together with constraints from the observed B 0 d −B 0 d mixing parameterized by ∆M d and the lower bound on B 0 s −B 0 s mixing defines the physical ranges for η and ρ. A very recent analysis can be found in Ref. [27] . The main remaining theoretical uncertainties in this analysis are the values of the non-perturbative parametersB K in ε, [31, 32] , the authors of Ref. [27] obtain the following range for Imλ t :
where the experimentally measured values and the theoretical input parameters are scanned independently of each other, within the ranges given above. In Section 4 we shall use this range in the numerical analysis of ε ′ /ε.
General Framework
The method we use is the 1/N c expansion introduced in Refs. [12, 13] . In this approach, we expand the hadronic matrix elements in powers of external momenta, p, and the ratio 1/N c . In an earlier article [14] we investigated one-loop corrections to lowest order in the chiral expansion for the operators Q 6 and Q 8 . The calculation of the one-loop corrections for current-current operators was done in Ref. [29] where predictions for the ∆I = 1/2 rule were reported. To calculate the hadronic matrix elements we start from the effective chiral lagrangian for pseudoscalar mesons which involves an expansion in momenta where terms up to O(p 4 ) are included [33] . Keeping only (non-radiative) terms of O(p 4 ) which are leading in N c , for the lagrangian we obtain:
with D µ U = ∂ µ U − ir µ U + iUl µ , A denoting the trace of A and M = diag(m u , m d , m s ). l µ and r µ are left-and right-handed gauge fields, respectively, f and r are parameters related to the pion decay constant F π and to the quark condensate, with r = −2/f 2 . The complex matrix U is a non-linear representation of the pseudoscalar meson nonet:
where, in terms of the physical states,
with
The conventions and definitions we use are the same as those in Refs. [14, 29] . In particular, we introduce the singlet η 0 in the same way and with the same value for the U A (1) symmetry breaking parameter, α = m 2 η + m 2 η ′ − 2m 2 K ≃ 0.72 GeV 2 , corresponding to the η − η ′ mixing angle θ = −19 • [34] . The bosonic representations of the quark currents and densities are defined in terms of (functional) derivatives of the chiral action and the lagrangian, respectively:
and the right-handed currents and densities are obtained by parity transformation. Eqs. (29) and (30) allow us to express the four-fermion operators in terms of the pseudoscalar meson fields. The low-energy couplings L 1 , L 2 , and L 3 do not occur in the mesonic densities in Eq. (30) . Furthermore, at tree level they do not contribute to the matrix elements of the current-current operators and have been omitted in Eq. (29) . It is now straightforward to calculate the tree level (leading-N c ) matrix elements from the mesonic form of the 4-quark operators. For the 1/N c corrections to the matrix elements Q i I we calculated chiral loops as described in Refs. [14, 29] . The factorizable contributions, on the one hand, refer to the strong sector of the theory and give corrections whose scale dependence is absorbed in the renormalization of the effective chiral lagrangian. This property is obvious in the case of the (conserved) currents and was demonstrated explicitly in the case of the bosonized densities [14, 35] . Consequently, the factorizable loop corrections can be computed within dimensional regularization. The non-factorizable corrections, on the other hand, are UV divergent and must be matched to the short-distance part. They are regularized by a finite cutoff which is identified with the short-distance renormalization scale [13, 14, 23, 29, 36] . The definition of the momenta in the loop diagrams, which are not momentum translation invariant, was discussed in detail in Refs. [14, 35] . A consistent matching is obtained by considering the two currents or densities to be connected to each other through the exchange of a color singlet boson and by assigning the same momentum to it in the longand short-distance regions [14, 37, 38, 39, 40, 41] .
For the short-distance coefficient functions, we use both the leading logarithmic (LO) and the next-to-leading logarithmic (NLO) values. 1 The published values for the Wilson coefficients are tabulated for scales equal to or larger than 1 GeV [10, 11, 42] . In Appendix A we present tables for the coefficient functions at scales 0.6 ≤ µ ≤ 1.0 GeV calculated with the same analytic formulas and communicated to us by M. Jamin [43] . The NLO values are scheme dependent and are calculated within naive dimensional regularization (NDR) and in the 't Hooft-Veltman scheme (HV), respectively. The absence of any reference to the renormalization scheme dependence in the effective low-energy calculation, at this stage, prevents a complete matching at the next-to-leading order [22] . Nevertheless, a comparison of the numerical results obtained from the LO and NLO coefficients is useful in order to estimate the uncertainties associated with it and to test the validity of perturbation theory.
Analysis of ε ′ /ε
In the twofold expansion in powers of external momenta and in 1/N c we must investigate, at next-to-leading order, the tree level contributions from the O(p 2 ) and the O(p 4 ) lagrangian, and the one-loop contribution from the O(p 2 ) lagrangian, that is to say, the 1/N c corrections at lowest order in the chiral expansion. These terms have been calculated for densitydensity operators in Ref. [14] and for current-current operators in Ref. [29] . In this section we combine our results and report values for ε ′ /ε up to these orders.
Long-Distance Contributions
The hadronic matrix elements for all the operators are calculated following the method described in the previous section and in greater detail in two recent papers [14, 29] . As mentioned above, we consider the bilinear quark operators to be connected to each other through the exchange of a color singlet boson, whose momentum is chosen to be the variable of integration. This is our matching procedure described in Ref. [14] . [14, 29] using the following values for the various parameters [20] :
Note that the matrix elements generally contain a non-vanishing imaginary part (cutoff independent at the one-loop level) which comes from the on-shell (π − π) rescattering. It is customary to parameterize the hadronic matrix elements in terms of the bag factors B , which quantify the deviations from the values obtained in the vacuum saturation approximation [44] :
The VSA expressions for the matrix elements are taken from Eqs. (XIX.11) -(XIX.28) of Ref. [42] , and the corresponding numerical values can be found in Refs. [14, 29] . We list the bag parameters in Tabs. 3 and 4. 2 One might note that the values of the B factors contain the real parts of the matrix elements and not their absolute values. For the amplitudes appearing in Eqs. (17) - (19) we need both real and imaginary parts for the 2 The definition of the bag parameters in Eqs. (31) and (32) refers to the complete sum of the factorizable and non-factorizable terms in the hadronic matrix elements. Therefore we are free of any of the infrared problems discussed in Ref. [28] , which occur for Q 6 with other definitions of B matrix elements. We calculated the imaginary parts in the 1/N c expansion and included their values in Tabs. 1 and 2. They are produced by the imaginary parts of the one-loop diagrams, as required by unitarity. In order to study the sensitivity of the results on the imaginary part we calculated the matrix elements by two methods (for a discussion of this point see Ref. [29] ). In the first method, we obtain the absolute values by correcting the real parts using the phenomenological phases. This procedure has also been followed in Refs. [45, 46] . In the second method we assume zero phases and use the real parts of the matrix elements. The second method, to a large degree of accuracy, corresponds to adopting the phases obtained in the 1/N c expansion. Analytical formulas for all matrix elements are given in Refs. [14, 29] four are particularly interesting and important, and we repeat them here:
where the ellipses denote finite terms, which for brevity are not written explicitly here, but have been included in the numerical analysis (in particular, they provide the mass terms which make the logarithms dimensionless). The constantsL r 5 andL r 8 are renormalized couplings and defined through the relations [14] F
and
Their values areL r 5 = 2.07 · 10 −3 andL r 8 = 1.09 · 10 −3 .L r 8 has a small dependence on the ratio m s /m d and we shall use the (central) value (of) m s /m d = 24.4 ± 1.5 [47] .
In Eqs. (33) - (36) we have summed the factorizable contributions [ first two terms on the r.h.s. of Eqs. (33) and (34) , first term on the r.h.s. of Eq. (35) , and first three terms on the r.h.s. of Eq. (36) ] and the non-factorizable contributions. Factorizable terms originate from tree level diagrams or from one-loop corrections to a single current or density whose scale dependence is absorbed in the renormalization of the effective chiral lagrangian (i.e., in F π , F K ,L r 5 ,L r 8 , and in the renormalization of the masses and wave functions). Finite terms from the factorizable loop diagrams for Q 6 0 and Q 8 2 are not absorbed completely and must be included in the numerical analysis [14] . We note that the couplings L 1 , L 2 , and L 3 do not contribute to the matrix elements of Q 6 and Q 8 to O(p 2 ) and to O(p 4 ) for the current-current operators. The non-factorizable contributions, on the other hand, are UV divergent and must be matched to the short-distance part. As we already discussed above, they are regularized by a finite cutoff, Λ c , which is identified with the renormalization scale µ of QCD.
We discuss next Eqs. (33) -(36) which have several interesting properties [14, 29] . First, the VSA values for Q 1 0 and Q 2 0 are far too small to account for the large ∆I = 1/2 enhancement observed in the CP conserving amplitudes. Using the large-N c limit [ B
3.05, B
(1/2) 2 = 1.22 ] improves the agreement between theory and the experimental result, but it still provides a gross underestimate. However, the non-factorizable 1/N c corrections in Eqs. (33) and (34) contain quadratically divergent terms which are not suppressed with respect to the tree level contribution, since they bring in a factor of ∆ ≡ Λ 2 c /(4πF π ) 2 and have large prefactors which, in some cases, can be as large as six in Eq. (33) . Quadratic terms in Q 1 0 and Q 2 0 produce a large enhancement (see Tab. 3) which brings the ∆I = 1/2 amplitude in agreement with the observed value [29] . Corrections beyond the chiral limit (m q = 0) in Eqs. (33) -(34) are suppressed by a factor of δ = m 2 K,π /(4πF π ) 2 ≃ 20 % and were found to be numerically small.
The case of Q 6 0 and Q 8 2 is different from that of Q 1,2 0 . The leading-N c values are very close to the corresponding VSA values. Moreover, the non-factorizable loop corrections in Eqs. (35) and (36) , which are of O(p 0 /N c ), are found to be only logarithmically divergent [14] . Consequently, in the case of Q 8 2 they are suppressed by a factor of δ compared to the leading O(p 0 ) term and are expected to be of the order of 20 % to 50 % depending on the prefactors. We note that Eq. (36) is a full leading plus next-to-leading order analysis of the Q 8 matrix element. The case of B
is more complicated since the O(p 0 ) term vanishes for Q 6 . Nevertheless, the non-factorizable loop corrections to this term remain and have to be matched to the short-distance part of the amplitudes. These O(p 0 /N c ) non-factorizable corrections must be considered at the same level, in the twofold expansion, as the O(p 2 ) tree contribution. Consequently, a value of B
around one [ which corresponds to the O(p 2 ) term alone ] is not a priori expected. However, numerically it turns out that the O(p 0 /N c ) contribution is only moderate (see Tab. 3). This property can be understood from the (U † ) dq (U) qs structure of the Q 6 operator which vanishes to O(p 0 ) implying that the factorizable and non-factorizable O(p 0 /N c ) contributions cancel to a large extent [14] . The fact that the factorizable and non-factorizable terms to this order have infrared divergences which must cancel in the sum of both contributions gives another qualitative hint for a value of B
(1/2) 6 remaining around one [28] . This explains why for Q 6 to O(p 0 /N c ) we do not observe a ∆I = 1/2 enhancement similar to the one for Q 1 and Q 2 in the CP conserving amplitude. The leading-N c values for B because it gives rise, in general, to a noticeable dependence on the cutoff scale [14] , which is relevant for the matching with the short-distance part (see below). We note that B
shows a scale dependence which is very similar to the one of B were found to be too small to account for the measured value of the ∆I = 3/2 amplitude for small values of the cutoff and even become negative for large values of Λ c (see Tab. 4). Due to an almost complete cancellation of the two numerically leading terms [29] B are expected to be sensitive to corrections from higher order terms and/or higher resonances. 3 For this reason, even though the effect of B
is small, in the analysis of ε ′ /ε we will not use the values listed in the table but we will extract the parameters B 
Numerical Results
Collecting together the values of the matrix elements in Tabs. 1 and 2 and the values of the Wilson coefficients in Appendix A we can give now the numerical results for ε ′ /ε. As we already mentioned above, we use the real parts of the matrix elements and consider two cases. In the first case, we use the real part and the phenomenologically determined values for the final state interaction phases, δ 0 = (34.2 ± 2.2) • and δ 2 = (−6.9 ± 0.2) • [48] , in order to arrive from Eqs. (18) and (19) to
The factor 1/cos δ I enhances the ∆I = 1/2 term in Eq. (17) by about 25 % with respect to the ∆I = 3/2 one and consequently makes the cancellation between the Q 6 and Q 8 operators less effective. It allows us to estimate the effect of multiple (π − π) rescattering on the imaginary part. In the second case, we assume zero phases and use the equations:
The comparison of the two cases provides, in part, an estimate for higher order effects. The latter case gives numerical results very close to those we would get if we used the imaginary parts from Tabs. 1 and 2. As we already mentioned, we extract the values of B from the experimental value for ReA 2 . This procedure has also been followed in the phenomenological approach of the Munich group (last reference of [10] ). Then
with we use the values listed in Tab. 3. These numbers were obtained in Ref. [29] where it was shown that they saturate the observed value of ReA 0 and are in good agreement with the phenomenological result of Ref. [10] . 4 We note that Q 1 and Q 2 do not give a direct contribution to ε ′ /ε since y 1 and y 2 are zero. Rather, Q 1 0,2 and Q 2 0,2 are used to sum up the contributions from the operators Q 4 , Q 9 , and Q 10 which are redundant below the charm threshold (see below).
The elimination of the scale dependence of QCD in the numerical result is an important criterion and we discuss it in some detail. The Wilson coefficients in the effective hamiltonian in Eq. 
K /m 2 s which brings in a µ dependence through the quark masses already for the tree level (factorizable) contributions. This is different from the matrix elements of the currentcurrent operators which are µ independent in the large-N c limit. In the products of y 6 and y 8 with the corresponding matrix elements, the µ dependence from the running quark mass is exactly cancelled by the diagonal evolution of the Wilson coefficients taken in the large-N c limit [12, 22] . This property is preserved at the two-loop level [10] . Furthermore, the µ dependence beyond the m s evolution, i.e., the µ dependence of B was shown in QCD to be only very weak for values above 1 GeV [10] . This requires that the (non-factorizable) 1/N c corrections to the matrix elements of the Q 6 and Q 8 operators (which produce the scale dependence of the B factors) should not show a large dependence on the cutoff scale. The fact that the O(p 0 /N c ) terms in Eqs. (35) and (36) have only a logarithmic cutoff dependence is for this reason welcome. Finally, the decrease of both B factors with Λ c = µ in Tabs. 3 and 4 which is due to these logarithms is qualitatively consistent with their µ dependence found for µ ≥ 1 GeV in Ref. [10] , i.e., it has the correct slope. As shown below the residual scale dependence of B even if moderate is still too large to allow an exactly scale independent result for ε ′ /ε.
Throughout the numerical analysis of direct CP violation we take Λ QCD = Λ (4) MS = 325 ± 80 MeV corresponding roughly to α s (M Z ) = 0.118 ± 0.005. For Ω η+η ′ we adopt the range Ω η+η ′ = 0.25 ± 0.10 [16, 17, 18] . The status of the strange quark mass has been reviewed recently in Refs. [22, 27] , and we use the range
which is in the ball park of the values obtained in the quenched lattice calculations (see Ref. [49] and references therein; for a very recent analysis see Ref. [50] ) and from QCD sum rules [51] . We note that the QCD sum rule results are generally higher than the lattice values. Lower bounds on the strange mass have been derived in Ref. [52] .
In Fig. 1 we depict ε ′ /ε as a function of the matching scale (µ = Λ c ), calculated from Eqs. (39) and (40) with LO Wilson coefficients for the central value of Imλ t and for various values of m s , Ω η+η ′ , and Λ QCD according to their ranges defined above. For low values of the matching scale we find a rather moderate enhancement of the VSA result which is due to the weaker cancellation between the Q 6 and Q 8 operators. However, one might note that very large values for ε ′ /ε in the range of the recent Fermilab measurement [4] are not reached with the B factors listed in Tabs. 3 and 4 together with Eq. (43), if central values are used for the parameters. Indeed, adopting central values for m s , Ω η+η ′ , Λ QCD , and Imλ t and varying Λ c between 600 MeV and 900 MeV we obtain as 'central range' for the CP ratio:
This is also illustrated in Fig. 2 where we show the various contributions to ε ′ /ε for central values of the parameters at a scale of Λ c = 700 MeV. For this value of the cutoff B
(1/2) 6
is very close to unity whereas B is significantly suppressed which leads to a value for ε ′ /ε of 11.5 · 10 −4 . Smaller numbers are obtained for larger values of the cutoff. Another noticeable contribution, beside that of Q 8 , which reduces the value of ε ′ /ε is the I = 0 component of Q 1 and Q 2 . As we already mentioned above, this contribution comes from the Q 4 , Q 9 , and Q 10 operators which are redundant below the charm threshold and satisfy, to LO and at NLO in the HV scheme, the relations in Eq. (56) . In the NDR scheme the relations receive small O(α s ) and O(α) corrections [10] . In Fig. 3 we show how the various terms depend on the choice of the matching scale. In particular, we observe that the behaviour of ε ′ /ε is almost identical to the one of y 6 Q 6 0 . This is due to the fact that the ratio B is therefore qualitatively consistent with the (non-diagonal) evolution of y 6 and y 8 computed in the leading logarithmic approximation, and it leads to a fairly moderate overall scale dependence. This property is due to the fact that the O(p 0 /N c ) terms in Eqs. (35) and (36) have only a logarithmic cutoff dependence which, nevertheless, still goes beyond the µ dependence of the shortdistance part. In this situation it would be tempting to adopt the large-N c values for B The dependences of the result on m s , Ω η+η ′ , and Λ QCD are given in Fig. 1 . Among them the m s dependence is the most important one. The dependence on Imλ t , to a large degree of accuracy [27] , is multiplicative and can be obtained in straightforward way. If we take into account the residual dependence on the matching scale by varying µ = Λ c between 600 and 900 MeV and scan independently the theoretical input parameters and the experimentally measured numbers, we obtain the following range for ε ′ /ε calculated with LO Wilson coefficients:
The quoted range results from a variation of m s , Ω η+η ′ , and Λ QCD in Eqs. (39) and (40) as depicted in Fig. 1 and also allows for a variation of Imλ t according to the range defined in Eq. (24) . We investigate next the dependence on the NLO Wilson coefficients. The NLO values are scheme dependent and are calculated within naive dimensional regularization (NDR) and in the 't Hooft-Veltman scheme (HV), respectively. As already mentioned, the absence of any reference to the renormalization scheme dependence in the low-energy calculation prevents a complete matching at the next-to-leading order [22] . Nevertheless, a comparison of the numerical results obtained from the LO and NLO coefficients is useful in order to estimate the corresponding uncertainties and to test the validity of perturbation theory.
In the NDR scheme, introducing the NLO coefficients does not noticeably affect our numerical results (see Fig. 4 ). For Λ (4) MS = Λ QCD 325 MeV we find slightly lower values for ε ′ /ε and a somewhat larger difference between the results obtained for Λ QCD = 325 MeV and 405 MeV, respectively. Generally, the difference between LO and NLO is more pronounced for very low values of the matching scale, but it is still moderate except for Λ QCD = 405 MeV. For Λ QCD = 325 MeV (245 MeV) the effect of the NLO coefficients is rather small, and values
700 800 900 1000 Figure 6 : Same as in Fig. 3 for the matching scale as low as 600 -700 MeV appear to be acceptable. We also notice a slightly smaller scale dependence, that is to say, the NLO Wilson coefficients further improve the stability of the calculation. This property becomes obvious if we investigate the various contributions to ε ′ /ε (compare Figs. 3 and 5 ). In particular, at NLO in the NDR scheme we observe a smaller variation of y 6 Q 6 0 and y 8 Q 8 2 in the range of Λ c between 600 MeV and 1 GeV. Nevertheless, the numerical effect of the NLO coefficients is rather moderate, and the 'central' and scanned ranges quoted in Tabs. 5 and 6 are close to the LO results given in Eqs. (45) and (46) . In the HV scheme, the effect of the NLO coefficients is more pronounced. Both y 6 Q 6 0 and y 8 Q 8 2 are widely stable over a large range of the matching scale leading to an approximately stable result for ε ′ /ε between 700 MeV and 1 GeV. This is shown in Fig. 6 for the central values of m s (1 GeV), Ω η+η ′ , Imλ t , and Λ QCD . On the other hand, for Λ QCD = 405 MeV and Λ c 700 MeV we observe a noticeable slope indicating the loss of perturbativity (see Fig. 7 ). However, for moderate values of the matching scale the numerical values for the ratio depend weakly on the choice of Λ QCD (see Fig. 7 ). This makes the result rather stable. Generally, at NLO in the HV scheme we obtain smaller values for ε ′ /ε (see Tabs. 5 and 6).
We note that at NLO the maximum value for the ratio is found for moderate values of Λ c around 700 -800 MeV, whereas the upper bound in Eq. (46) refers to low values of the matching scale (∼ 600 MeV). Finally, one might note that the numerical values of the Wilson coefficients in the HV scheme communicated to us by M. Jamin [43] correspond to the treatment of the two-loop anomalous dimensions used in Ref. [10] which differs from the one used in Ref. [11] . For this reason the NLO corrections to the Wilson coefficients in the HV scheme presented in Appendix A are generally smaller than the ones found in Ref. [11] (for a discussion of this point see also Ref. [22] ).
So far in the numerical analysis we have used Eqs. (39) -(40) together with the phenomenological values for the phases [48] . Replacing them by Eqs. (41) -(42) leads to lower values for ε ′ /ε (see Case 2 in Tabs. 5 and 6). The numerical results are very close to those we would get if we used the imaginary parts obtained at the one-loop level in the 1/N c approach. Both the central values and the upper bounds in the scanned ranges for ε ′ /ε are lower due to a smaller contribution from the ∆I = 1/2 terms. However, the modifications do not change substantially our picture of ε ′ /ε. As mentioned above, the comparison of the two cases provides, in part, an estimate for higher order effects.
In conclusion, the fact that we use rather low values for the matching scale makes some of the Wilson coefficients rather sensitive to NLO corrections. In particular, y 6 and y 8 depend noticeably on the choice of the γ 5 scheme in dimensional regularization. 
which, for central values of m s , Ω η+η ′ , Λ QCD , and Imλ t , takes into account the theoretical errors inherent to the method (dependence on the scheme and matching scale). Furthermore, it includes the expected errors due to the neglect of higher order corrections to the imaginary part. Similarly collecting the values in Tab. 6 we obtain the following range from the complete scanning of the parameters:
which also takes into account the uncertainties in the values for m s , Ω η+η ′ , Λ QCD , and Imλ t . 5 The upper bound from our calculation in Eq. (48) is rather close to the central value of the new Fermilab measurement [4] and requires a conspiracy of the parameters within their ranges of uncertainties given above. The present world average for the ratio including earlier measurements is Re(ε ′ /ε) = (21.8±3.0)·10 −4 [4] . Our result indicates that the experimental data can be accommodated in the standard model. A major uncertainty in the theoretical estimate of ε ′ /ε is due to the choice of m s , which enters the calculation through the matrix elements of the operators Q 6 and Q 8 [see Eqs. (35) and (36)]. In Eq. (48) we have taken m s (1 GeV) = 150 ± 25 MeV which is in the range of the values obtained in quenched lattice calculations and from the QCD sum rules. Adopting even lower values for m s would allow us to relax the upper bound quoted above. However, recently the ALEPH collaboration analyzed the measured mass spectra of the strange τ decay modes and reported a value of m s (1 GeV) = 234 +61 −76 MeV [53] . It will be interesting to see whether this large (central) value for m s will remain when the uncertainty is reduced. Very recently, the value m s (1 GeV) = (188 ± 22) MeV was obtained using a τ -like decay sum rule for the φ meson [54] , which is consistent with the range used in this paper. The determination of Imλ t will be further improved by precision tests of the unitarity triangle [22] removing to a large extent the corresponding uncertainty in the analysis of direct CP violation. Ω η+η ′ which measures the contribution to ε ′ /ε from the isospin breaking in the quark masses was estimated in Ref. [16] in the large-N c limit, and it will be a challenge to investigate, in future studies, the 1/N c corrections to this parameter. Finally, the calculation of the hadronic matrix elements even though largely improved by including 1/N c corrections still may be plagued by noticeable uncertainties. Our analysis so far included terms of O(p 0 ), O(p 0 /N c ), and O(p 2 ) for the matrix elements of the density-density operators and terms of O(p 2 ), O(p 2 /N c ), and O(p 4 ) for the matrix elements of the current-current operators. In the following section we shall investigate the effect of higher order corrections. In particular we will consider the terms of O(p 2 /N c ) for the matrix elements of Q 6 .
Higher Order Corrections
In the previous section we have shown that the calculation of the hadronic matrix elements in the 1/N c expansion leads to a well defined range of values for ε ′ /ε which can account, to a large extent, for the weighted average of the experimental measurements [2, 3, 4] . However, the central values obtained are lower than the values of the new measurement [4] . The upper bound from our calculation requires, within the standard model, specific values of various parameters. In particular, lower values of the strange quark mass are favoured. In our analysis so far we varied the theoretical input parameters independent of each other and considered the experimental results within one standard deviation. This conservative attitude may to some extent exaggerate the differences [55] . In the present section we investigate the higher order corrections and consider in particular the question whether these corrections are able to substantially enhance the prediction for ε ′ /ε, so that a large value for the ratio could be explained even for central values of the input parameters.
In the twofold expansion, the higher order corrections to the matrix elements of Q 6 and Q 8 are of orders: O(p 4 ), O(p 0 /N 2 c ), and O(p 2 /N c ). In this section we will consider the O(p 2 /N c ) contribution which brings in, for the first time, quadratic corrections on the cutoff. From general counting arguments we show that these corrections are expected to be large for Q 6 , which is a peculiar operator, and we explicitly find that the O(p 2 /N c ) corrections in the chiral limit are indeed large. Q 6 is consequently not protected from possible large corrections beyond the large-N c limit, and we cannot exclude the possibility that the contribution of Q 6 brings ε ′ /ε close to the experimental value for central values of the parameters.
Before investigating the O(p 2 /N c ) corrections we briefly estimate part of the higher order corrections replacing the '1/F π expansion' by a '1/F K expansion'. As already discussed in Ref. [14] , we could have used the ratio 1/f in place of 1/F π in the next-to-leading order terms of Eqs. (33) - (36) . This choice would be consistent at the level of first order corrections in the twofold series expansion, as the difference concerns higher order effects. However, the scale dependence of f (which is mainly quadratic) is absorbed through the factorizable loops to the matrix elements at the next order in the parameter expansion and does not occur in the matching with the short-distance contribution [14] . Consequently, it is more appropriate to choose the physical decay constant in the expressions under consideration. In this situation, we can use, instead of F π , the kaon decay constant F K which gives an indirect estimate of higher order corrections. In Tab. 7 we show the effect of this modification, to O(p 0 /N c ), on the values of B . We notice that the numbers are generally larger for the '1/F K expansion'. In particular, for Λ c 900 MeV the B shown for various values of Λ c . The numbers in the parentheses are obtained by replacing F π by F K in the next-to-leading order expression.
factor is enhanced compared to the VSA value. This change, in spite of the somewhat smaller reduction of B In Fig. 8 we depict ε ′ /ε as a function of the matching scale (µ = Λ c ), calculated with LO and NLO (NDR and HV) Wilson coefficients and for the central values of Imλ t and Ω η+η ′ and various values of m s . The variation of Ω η+η ′ does not change the qualitative behaviour; it only shifts the curves upward or downward for smaller or larger values of Ω η+η ′ , respectively. The curves in Fig. 8 result from replacing 1/F π by 1/F K in the next-toleading order expressions for all matrix elements. Beside the enhancement of the numerical result we also observe a somewhat smaller dependence on the matching scale. Finally, even though we obtain somewhat larger values for ε ′ /ε the effect is still rather moderate and does not affect the statement we made above that lower values of the strange quark mass are favoured.
In the above we have argued that estimating the effect of higher order corrections to the matrix elements, by replacing the '1/F π expansion' by a '1/F K expansion', does not drastically modify the results we obtained in the previous section. In particular, this statement refers to terms of O(p 0 /N 2 c ) which are corrections on top of the O(p 0 /N c ) contribution and correspond to the same pseudoscalar representation of the four-quark operator. In the following we will not study the 1/N 2 c corrections, which correspond to a two-loop diagram in the chiral theory. The same approximation was made in the chiral quark model [46] . However, estimating the typical effect of higher orders by modifying the known corrections (1/F π → 1/F K ) does not account for possible contributions from new terms which are absent at the level of the first order corrections. In particular, higher order terms in the p 2 expansion (tree level) cannot be calculated because the low-energy couplings in the O(p 6 ) lagrangian are very uncertain or even unknown. Nevertheless, these terms are independent of the (non-factorizable) matching scale and are chirally suppressed with respect to the leading term (∼ m 2 K,π /Λ 2 χ , with Λ χ ≃ 1 GeV the scale of chiral symmetry breaking). The convergence of the tree level series was verified for the current-current operators [13, 29] and also for Q 8 [14] , where a complete leading plus next-to-leading order calculation now exists and tree contributions appear to decrease monotonically. For the operator Q 6 the leading term is O(p 2 ) and by analogy we expect the higher order tree terms to be smaller. The terms of O(p 2 /N c ) on the other hand are not expected to be small for Q 6 . We remind the readers that for the CP conserving amplitude it is mainly the (quadratic) O(p 2 /N c ) corrections which bring to Q 1,2 0 a large enhancement relative to the (leading-N c ) O(p 2 ) values. As the leading-N c value for Q 6 is also O(p 2 ) we cannot a priori exclude that the value of Q 6 0 is largely affected by O(p 2 /N c ) corrections too. As already discussed in Section 4.1, quadratic O(p 2 /N c ) corrections are proportional to the factor ∆ ≡ Λ 2 c /(4πF π ) 2 relative to the O(p 2 ) tree level contribution. Different is the case of the operator Q 8 since its leading-N c value is O(p 0 ) at lowest order in the chiral expansion. Quadratic terms for Q 8 are consequently chirally supressed with respect to the leading-N c value. More precisely the suppression factor is ∼ (m 2 K,π /Λ 2 χ ) · ∆. In contrast to Q 6 0 , it is very unlikely that the O(p 2 /N c ) corrections for Q 8 2 could be larger than the O(p 0 /N c ) contributions investigated in the previous section.
We calculate next the O(p 2 /N c ) quadratic corrections to the matrix elements of the operator Q 6 . The pseudoscalar representation of Q 6 can be read off from Eq. (30):
In the following we will calculate the O(p 2 /N c ) evolution of the operator Q 6 in the chiral limit. It is then straightforward to compute the hadronic matrix element Q 6 0 . To calculate the evolution of Q 6 we use the background field method as described in Ref. [39] and also in Refs. [14, 40] . This operatorial method is very convenient to calculate corrections in the chiral limit. To this end we decompose the matrix U in the classical fieldŪ and the quantum fluctuation ξ,
withŪ satisfying the equation of motion
The O(p 2 ) lagrangian thus reads
The corresponding expansion of the meson density in Eq. (30) around the classical field yields
Using Eq. (53) the evolution of Q 6 can be obtained in a straightforward way. Integrating over the quantum fluctuation by calculating the non-factorizable diagrams of Fig. 9 .a we get the following result:
This result has already been presented in Ref. [40] . Before investigating the numerical effect of the quadratic term in Eq. (54) a few comments are necessary:
• In Eq. (54) we present only the diagonal evolution, i.e., the term proportional to the operator (∂ µŪ † ∂ µŪ ) ds which gives the only non-vanishing contribution to the K → ππ amplitudes. This property is analogous to the tree level. One might note in particular that the L 8 contribution vanishes since it does not produce a term proportional to this operator. The H 2 contribution vanishes from the beginning as it does not intervene in Eq. (53).
• To O(p 0 /N c ) we showed explicitly that the factorizable contributions provide the corrections needed to obtain the physical values of the low-energy couplings [14] . Except for finite corrections, the values of the couplings can be obtained in the large-N c limit, i.e., by imposing tree level relations in order to set up the renormalized (factorizable) matrix elements [compare Eqs. (37) and (38) ]. To O(p 2 /N c ) in Eq. (54) we use again the renormalized couplingL r 5 , defined in the large-N c limit 6 , since the 6 Note that our constantsL r i should not be confused with the renormalization scale dependent coefficients L r i in Refs. [33] and [56] . scale dependence of the bare coefficient L 5 will be absorbed by factorizable loop corrections to the matrix elements and has not to be matched to any short-distance contribution [14] .
• Beside the diagrams in Fig. 9 .a a priori the diagram in Fig. 9 .b with a strong vertex proportional to L 5 could also contribute. However, it is easy to see that since the L 5 term in the lagrangian contains a quark mass matrix M, this diagram produces an operator similar to the one resulting from the L 8 term at tree level for Q 6 . This operator does not contribute to the K → ππ amplitudes.
• The diagram of Fig. 9 .b with the strong vertex coming from the L 1 , L 2 , L 3 , and L 8 couplings also turns out to vanish.
• There are no O(p 2 /N c ) tree level contributions, i.e., from couplings L i [33] which are subleading in N c .
Numerically, we observe a large positive correction from the quadratic term of O(p 2 /N c ) in Eq. (54) . The slope of this correction is qualitatively consistent and welcome since it compensates for the logarithmic decrease at O(p 0 /N c ). Adding the O(p 2 /N c ) term to the full O(p 2 ) and O(p 0 /N c ) result in Eq. (35) we get the following matrix element for Q 6 :
The corresponding values of B factor is found to be rather stable around , now including, in the chiral limit, terms of O(p 2 /N c ).
the value B
(1/2) 6 ≃ 1.6 ± 0.1. The quadratic term of O(p 2 /N c ) is of the same magnitude as the O(p 2 ) tree term. This property is analogous to the enhancement of the O(p 2 ) tree contributions to Q 1 0 and Q 2 0 by terms of O(p 2 /N c ) (see Tabs. 1 and 3) . Q 6 is a ∆I = 1/2 operator, and the enhancement of Q 6 0 indicates that the dynamics of the ∆I = 1/2 rule may apply also to Q 6 . One might however note that the long-distance evolution of the operator Q 6 including both the O(p 0 /N c ) and O(p 2 /N c ) terms is very different from the one of Q 1 or Q 2 . The former is approximately constant over a wide range of the scale due to a large cancellation of the scale dependences of the two terms, whereas the later [which does not receive any O(p 0 /N c ) contribution] has a large positive slope. One should also recall that we observe a noticeable suppression of Q 8 2 similar to the one needed for Q 1,2 2 in order to bring the CP conserving ∆I = 3/2 amplitude down to the experimental value. 7 Using the values for B
in Tab. 8 together with the bag factors of the remaining operators presented in the previous section we calculated again the ratio ε ′ /ε for central values of m s , Ω η+η ′ , Imλ t , and Λ QCD . The results for the three sets of Wilson coefficients LO, NDR, and HV and for Λ c between 600 and 900 MeV are given in Tab. 9. The numbers are obtained from Eqs. (39) - (40) and (41) leads to larger values for ε ′ /ε, and the predictions are now more stable and closer to the data. The results in the NDR scheme are rather close to the LO ones although more sensitive to the value of Λ QCD . In the HV scheme, the effect of the NLO coefficients is more pronounced. The results are significantly smaller for low values of the matching scale and less stable. This is illustrated in Fig. 10 where we show ε ′ /ε for various values of m s as a function of the matching scale.
Doing a scanning of the input parameters as explained above, we arrive at the values in Tab. 10. Comparing these results with the values in Tabs. 5 and 6 we see a clear enhancement originating from the quadratic term in Eq. (55) . The large ranges reported in Tab. 10 can be traced back to the large ranges of the input parameters. The parameters, to a large extent, act multiplicatively, and the larger range for ε ′ /ε is due to the fact that the central value(s) for the ratio are enhanced roughly by a factor of two compared to the results we presented in the previous section. More accurate information on the parameters, from theory and experiment, will restrict the values for the CP ratio. The contributions from current-current operators to ε ′ /ε are rather small, and corrections from higher order terms (beyond the ones investigated in Section 4) and from higher resonances are not able to modify their B factors in such a way that they could change sizeably ε ′ /ε. Higher order corrections for the operator Q 8 , for the reason explained above, are not expected to bring large corrections for the ratio. The question of whether a large value of ε ′ /ε can be accommodated in the standard model without specific values of various parameters reduces therefore essentially to the value of B . The effect of adding the O(p 2 /N c ) quadratic terms is evident as a substantial increase for the value of the matrix element Q 6 0 , and a large value for B (1/2) 6 in the range of 1.6 cannot be excluded. This property leads to a more natural explanation for a large value of ε ′ /ε. Our result can be modified by corrections of O(p 2 /N c ) beyond the chiral limit, from logarithms and finite terms, but they are not expected to remove the large enhancement observed in Eq. (55) . Nevertheless it would be very interesting to verify this statement through an explicit calculation.
In view of the large corrections one might question the convergence of the 1/N c expansion. However, we remind the readers that the quadratic term of O(p 2 /N c ) in Q 6 we consider in this section represents a new class of terms absent to O(p 2 ) and O(p 0 /N c ). It is reasonable to assume that the terms of O(p 2 /N c ) (∼ ∆) carry a large fraction of the whole (non-factorizable) contribution, since quadratic corrections in the cutoff from higher order terms are chirally suppressed (i.e., they are ∼ ∆ · δ, ∆ · δ 2 , . . . ).
We point out that the quadratic terms obtained at the level of the pseudoscalar mesons are physical and must be included in the numerical analysis. Our result is compatible with the fact that, in a complete theory of mesons, the quadratic dependence on the cutoff should be absent. Indeed one expects that the incorporation of higher resonances, which allows to select higher values for the cutoff, does not remove the effect of the quadratic terms but rather makes them turning smoothly to logarithms. Therefore, within a limited range of the cutoff, the quadratic terms provide an approximate representation of the effect of higher resonances. This behaviour has been observed in the calculation of the π + − π 0 mass difference after including the vector and axial vector mesons [57, 58] . In this particular case the quadratic terms turn into finite terms. It has also been observed partly for theB K parameter after including the vector mesons [59] . The two examples in Refs. [58, 59] show that effects of higher resonances can modify noticeably the results and reduce the dependence on the cutoff but are not strong enough to reverse the effects of the pseudoscalar mesons. Nevertheless, it would be very interesting to include higher resonances in the calculation of the K → ππ decays, in order to study explicitly their effect.
We note that the ∆I = 1/2 enhancement we observe for Q 6 to O(p 2 /N c ) is not able to render the contribution of Q 6 in ReA 0 dominant. The numbers for B (1/2) 6 in Tab. 8 are consistent with the observed value for the ∆I = 1/2 amplitude, which is dominated by Q 1 and Q 2 ; at LO and at NLO in the HV scheme, the enhancement of the B
factor changes the result of Ref. [29] by less than 5 % for m s (1 MeV) = 150 MeV and 245 MeV ≤ Λ QCD ≤ 405 MeV. In the NDR scheme, the effect can amount to approximately 11 % of the amplitude for Λ QCD = 405 MeV. Therefore we do not see a correlation between the large values of ReA 0 and ε ′ /ε, since the two quantities are dominated by different operators. 8 In particular, in one of the first estimates of ε ′ /ε [60] it was suggested (following Ref. [61] ) that the ∆I = 1/2 amplitude is dominated by the operator Q 6 , which would lead to a large value of ε ′ /ε. Such a mechanism would require an enhancement of Q 6 0 several times larger than the one obtained in the present analysis. The same comment applies to Ref. [62] .
Among the previous calculations, loop corrections to the operators Q 6 and Q 8 in the 1/N c expansion were also considered in Refs. [23, 36] . This study used a different matching condition, and the parametrization of the O(p 4 ) lagrangian was not general. The authors obtained a large reduction of Q 8 2 and an enhancement of Q 6 0 , predicting values for ε ′ /ε larger than in the VSA.
It is interesting to compare our values for ε ′ /ε with the results received with other methods. Lattice calculations obtained B in the HV scheme which is above the VSA value, B (0.8 GeV) = 0.92 ± 0.02. The quoted range for the CP ratio is 7 · 10 −4 ≤ ε ′ /ε ≤ 31 · 10 −4 . Since the treatment of the renormalization scale in Ref. [46] is different from the one used in this article we do not see a clear link which could easily explain why both approaches give approximately the same result for B
.
Very recently, an extensive study of ε ′ /ε in the standard model was presented in Ref. [27] . The authors investigated the sensitivity of the CP ratio to the input parameters and updated their numerical values. Adopting B they obtained 1.05 · 10 −4 ≤ ε ′ /ε ≤ 28.8 · 10 −4 and 0.26 · 10 −4 ≤ ε ′ /ε ≤ 22.0 · 10 −4 in the NDR and HV schemes, respectively. The quoted results are consistent with the values we get for ε ′ /ε to O(p 2 ) and O(p 0 /N c ) for Q 6 and Q 8 . As stated above, larger values for the CP ratio are obtained by including in the chiral limit also terms of O(p 2 /N c ) for Q 6 .
In summary, we have shown in this section that the quadratic terms of O(p 2 /N c ) are large for Q 6 . From general counting arguments we have good indications that among the various next-to-leading order terms in the p 2 and 1/N c expansions they are the dominant ones. They enhance B
(1/2) 6 and can bring ε ′ /ε much closer to the measured value for central values of the input parameters. We obtain a quadratic evolution for Q 6 which indicates that a ∆I = 1/2 enhancement mechanism is operative for Q 6 as for Q 1,2 . B (3/2) 8 is expected to be affected much less by terms of O(p 2 /N c ) due to an extra p 2 suppression factor relative to the leading O(p 0 ) tree term.
One should recall that our analysis is performed in the chiral limit. Corrections beyond the chiral limit, from logarithms and finite terms, are not expected to remove the large enhancement of B arising from the quadratic term in Eq. (55). 9 Consequently, the range for ε ′ /ε we obtained in Section 4, by including terms of O(p 2 ) and O(p 0 /N c ) for Q 6 and Q 8 , should be considered as a lower bound, within the ranges of the parameters defined above, which can be shifted to higher values by including also terms of O(p 2 /N c ). The ideal case would be to calculate and include the full O(p 2 /N c ) amplitudes, as well as the O(p 4 ) and O(p 0 /N 2 c ) terms. In order to reduce the scheme dependence in the result for ε ′ /ε appropriate subtractions would be necessary (see Ref. [28] ).
In view of the noticeable uncertainties connected still with both the calculation of the matrix elements and the exact values of the various parameters taken from theory and experiment, it is difficult to decide whether the large value of ε ′ /ε observed in the recent Fermilab experiment is indicating new physics beyond the standard model [70, 62] . In this situation it is interesting to investigate other kaon decays in order to perform precision tests of flavour dynamics and to search for new physics [22, 71] .
Conclusions
In this article we have presented results of a new analysis for the CP parameter ε ′ /ε. Our interest in this topic concentrates on the improved calculation of loop corrections for the hadronic matrix elements. It is well known that the leading-N c values for the matrix elements underestimate the ∆I = 1/2 amplitude A 0 in K → ππ decays. It has been shown earlier that 1/N c contributions to the operators Q 1 and Q 2 are very large, bringing the value for the amplitude A 0 closer to the experimental value [13] ; an improved matching condition may bring it even closer [29] . The same method introduced corrections to the matrix elements of the operators Q 6 and Q 8 [14, 23, 36] and modified the predictions for the parameter ε ′ /ε.
In view of this knowledge and the fact that three large experiments [2, 3, 4] were measuring the CP asymmetry, we decided to embark on an extensive study of the hadronic matrix elements including at the same time improvements of the input parameters which have taken place in the meantime. In particular, we incorporate an improved estimate of the multiplicative CKM factor [27] and use leading and next-to-leading order Wilson coefficients, which were communicated to us by M. Jamin [43] .
In the first part of the paper (up to Section 4) we have presented our results to O(p 2 ) and O(p 0 /N c ) for the dominant operators Q 6 and Q 8 [14] and have included them in an extensive analysis of the CP parameter. We have found that the matrix elements Q 6 0 and Q 8 2 , to this order, have only a logarithmic dependence on the cutoff. The corrections to these operators are smaller than those of Q 1 0 and Q 2 0 which are quadratic in the cutoff [29] . They decrease Q 8 2 roughly to half its value in the VSA and modify Q 6 0 to a lesser extent leading to a ratio B The upper values for ε ′ /ε obtained in this part of the article are close to the experimental data [2, 4] . They are reached only for low values of m s and specific values still for the other input parameters. As stated in the article, this is the complete first-order calculation for Q 6 in the twofold expansion and provides a benchmark for additional corrections. A major part of the present article is the estimate of still higher order effects. In this direction we have studied, first, the changes introduced by the replacement of the coupling constant F π by F K in the next-to-leading order expressions for the matrix elements, which gives an indirect estimate of higher order corrections [14] . We found that the predicted values are increased. Numerical results for central values of Imλ t and Ω η+η ′ and various values of m s are shown in Fig. 8 , which indicate that the experimental data can be accommodated in the standard model.
In a second step we studied the O(p 2 /N c ) corrections for Q 6 . Here the O(p 0 ) term vanishes; the O(p 0 /N c ) correction was found to be moderate [14] . Thus a significant correction appears, for the first time, through quadratic terms of O(p 2 /N c ), and the behaviour of Q 6 0 is similar to the one found for the matrix elements Q 1 0 and Q 2 0 [29] . In Section 5 we have shown that the value for Q 6 0 is enhanced by the O(p 2 /N c ) contribution in the chiral limit leading to values for B
(1/2) 6 around 1.6 ± 0.1. Our calculation indicates that a ∆I = 1/2 enhancement may be operative for Q 6 similar to the one of Q 1 and Q 2 which dominate the CP conserving amplitude. The effect of adding the O(p 2 /N c ) quadratic terms is evident as a substantial increase in the value of ε ′ /ε which brings the result rather close to the data for central values of the input parameters. Numerically, collecting together the results for the three sets of Wilson coefficients LO, NDR, and HV we obtain 7.0 · 10 −4 ≤ ε ′ /ε (central) ≤ 24.7 · 10 −4 (see Tab. 9). Performing a complete scanning of the parameter space for the various cases produces the ranges reported in Tab. 10 .
As stated in the article, it is still desirable to calculate and compare the full amplitudes to O(p 4 ), O(p 2 /N c ), and O(p 0 /N 2 c ). The incorporation of higher resonances would also be very interesting since it would allow to select higher values for the matching scale. A more sophisticated treatment of the scheme dependence remains a challenge for future studies. However, it is encouraging that the approximations we made in this paper give results close to the experimental results. Clearly the possibility of an natural explanation, within the standard model, of the experimental value for ε ′ /ε cannot be excluded.
To sum up, we have presented our results from an extensive study of the hadronic matrix elements to O(p 2 /N c ). We computed all matrix elements in the same theoretical framework, except for Q 1 2 = Q 2 2 which were extracted from the data on the CP conserving decays. Our predictions for ε ′ /ε are close to the weighted experimental average for central values of the input parameters.
A Numerical Values of the Wilson Coefficients
In this appendix we list the numerical values of the LO and NLO (HV and NDR) Wilson coefficients for ∆S = 1 transitions used in Section 4.2. These values were communicated to us by M. Jamin [43] . Following the lines of Ref. [10] the coefficients y i are given for a 10dimensional operator basis {Q 1 , . . . , Q 10 }. Below the charm threshold the set of operators reduces to seven linearly independent operators [see Eqs. (11) - (14) ] with
At next-to-leading logarithmic order in (renormalization group improved) perturbation theory in the NDR scheme the relations in Eq. (56) receive O(α s ) and O(α) corrections [10, 42] . In the present analysis we use the linear dependence at the level of the matrix elements Q i I , i.e., at the level of the pseudoscalar representation where modifications to the relations in Eq. (56) are absent. We note that the effect of the different treatment of the operator relations at next-to-leading logarithmic order which is due to the fact that in the long-distance part there is no (perturbative) counting in α s is numerically negligible. 
